DEFORMATIONS OF NODAL KAHLER-EINSTEIN DEL PEZZO 
SURFACES WITH DISCRETE AUTOMORPHISM GROUPS 
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Abstract. In this paper we prove that generic small partial smoothings of Kahler- 
Einstein (KE) Del Pezzo orbifolds with only nodal singularities, and with no non-zero 
holomorphic vector fields, admit orbifold KE metrics which are close in the Gromov- 
Hausdorff sense to the original KE metric. 
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1. Introduction 

Let {Xq,ujq) be an orbifold KE Del Pezzo surface. In the case Xq is actually a smooth 
Del Pezzo surface, it is well known that the existence of a Kahler-Einstein metric is 
stable under small deformations of the complex structure. This follows easily from an 
implicit function argument combined with the fact that all non-holomorphically rigid 
smooth Del Pezzo surfaces have discrete automorphism group. 

However, when {XqjLVq) has genuine isolated quotient singularities the situation is 
more subtle: the possibilty of topological changes in the complex deformation families 
due to the smoothings of the singularities and the possible existence of non-zero holo- 
morphic vector fields make the study of the stability of the orbifold KE condition more 
complicated. 

Understanding the stability of the KE condition under smoothings or partial smooth- 
ings of the complex structure is important essentially for two reasons. First of all, it 
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would give a clear picture of the KE metric moduli space near its "boundary" and 
in particular it would provide explicit example of KE metric degenerations. Secondly, 
the construction of an orbifold KE metric on a partial smoothing direction would give 
new examples of orbifold KE metrics. Concerning this last point, we should stress that 
the existence problem for KE metric on orbifold Del Pezzo surfaces is still not fully 
understood. However, we should note that recent progresses concerning the case of 
Del Pezzo surfaces with canonical singularities have been made [22]. In particular, it 
contains the case of nodal Del Pezzo surfaces. Thus, even if the existence problem of 
KE metrics on nodal Del Pezzo surfaces has been solved, we believe that the methods 
we describe in this paper to study the local behavior of the KE metrics under small 
deformations still has some interest in its own, since it provides an essentially explicit 
description of the Gromov-Hausdorff degeneration process and it is reasonable to think 
that the method can be used to study higher dimensional situations. 

In this paper we are going to investigate the problem of deformations of singular KE 
Fano varieties in the simplest case, namely the case of KE Del Pezzo orbifolds with 
nodal (i.e., ^i) singularities and discrete automorphism groups. To be more precise, 
we prove the following result: 

Theorem 1.1. Let {Xq^loq) be a KE Del Pezzo orbifold. Suppose that 

• All the singularities are nodes (i.e., locally of the form + z| + z| = 0); 

• ti(^ut(Xo)) < oo. 

Then, if tt : X ^ A C Ct is a generic (partial) smoothing of 7r^^{0) = Xq, Xt admits 
an (orbifold) KE metric ojt for \t\ « 1. Moreover {Xt,u;t) — ^ (^O)'^o) the Gromov- 
Hausdorff ( GH) sense. 

By the word "generic" we mean that if t is the parameter of the base of the smoothing 
family X and if + + z| = s S x Cg is the total family of the versal deformation 
of the node [16] , then s and t are related by 

s = s{t) = Ct + 0{t'^) 

with C / 0. 

The proof of the Theorem is based on a gluing construction which "reverses" the 
GH degeneration picture. The basic idea consists in smoothing the singularities by 
replacing a neighborhood of a singular point with a scaled version of the Eguchi-Hanson 
space. Similar gluing constructions have been considered by many authors, e.g., D. 
Joyce [15], C. Arezzo and F. Pacard [Ij, S. Donaldson [11] and O. Biquard and V. 
Minerbe [5]. However, in our situation the gluing is complicated by the fact that the 
complex structure changes in our family. This problem is reflected in the construction 
of an approximate solution of the Kahler-Einstein equation, i.e., a Kahler metric u^t £ 
ci(Xt) close to the original ujq. Once the existence of a good approximate solution is 
established, the proof of the existence of a Kahler-Einstein metric becomes basically 
standard. 

The reason why we need the above genericity assumption is essentially technical and 
it has mainly to do with our choice of function spaces in which to perform the gluing 
construction. Removing the above genericity assumption gives rise to a concentration 
of the error term on the variety Xt away from the singularities (more precisely the Ricci 
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potential of the pre-glued metric becomes too big to be controlled). Nevertheless, we 
believe that the Theorem should be true even without the genericity assumption. 

The structure of the paper is as follows. In Section 2 we construct a Kahler metric 
on a (partial)-smoothing which is Gromov-Hausdorff close to the original KE metric 
on the central fiber Xq. In Section 3, we deform, using an implicit function argument 
between appropriate weighted Holder-Spaces, the constructed approximate solution to 
a genuine solution of the Einstein equation, i.e. to a KE metric on Xt (for |t| << 1). 
Section 4 is devoted to the analysis of some examples where we can apply our smoothing 
theorem and finally, in Section 5, we discuss some possible generalizations. 

Acknowledgements. I would like to express my deepest gratitude to my supervisor 
Professor Simon K. Donaldson for the constant encouragement and the precious teach- 
ings. I would also like to thank Professors Claudio Arezzo and Frank Pacard for the 
very helpful discussions. 

2. Construction of an approximate solution 

The aim of this section is to construct a pre-glued metric cjj, i.e., a metric on Xt GH 
close to the original metric a;o, of the form 

= A + 'idtdt(l)t G ci{Xt), 

where (3t is some background Kahler forms on the fibers varying continuously with t. 

Let {Xq,ljo) be a nodal KE Del Pezzo orbifold and let p be a singular point. Take 
(Ci) C2) coordinates on C^/Z2 around p so that locally 

uo = idoBoivh) = i9o9o(|Cl' + O(ICI'))- 

We say that a function /(C,C) is 0{\C\^) if f\\ < C\C\''~^ for j > 0. 

Identifying as usual C^/Z2 = {zf + + ^3 = 0}) where Zi = -Zj(Ci, C2) are quadratic 
expression in Q, it is easy to see that the metric ojq can be written as 

= iddi\z\ + o{\z\%vo 

in a neighborhood Vq ^ Xq of the origin. 

By the theory of versal deformations of hypersurface singularities 'Hi' , we have that 
the general deformation of the node is given by zf + Z2 + z'^ = t, with t S C. Observe 
that we may assume t to be real (by "rotating" the coordinates). 

Thus, using our genericity assumption, we identify a portion of + 2:| + 2;| = t G M 
(say |z| < C for some positive constant C) with a subset Vt of Xt for some real t. Of 
course this argument can be applied to all singular points p G Sing{XQ). 

Moreover, using the relative anticanonical sections, we can assume that X embeds 
in P" X A and the map vr is given by composing the anticanonical embedding with the 
projection onto the base. Since Opn{l)^Xt — notational simplicity we assume 

k = 1, since the power k does not enter in our argument), we can easily construct a 
background Kahler metric f3t\Xt ■~ ^^i\Xt ™ ci(Xt). Observe that the restriction of the 
Fubini-Study metric on the singular fiber is, in general, not of orbifold type. However, 
as it will be clear later in the next sections, the explicit behavior of the background 
metric close to the singularity is not important for our argument. 
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2.1. A map between the smoothing and the central fiber. Assume for simplicity 
that Sing{Xo) = {p}. Let Vq = {zf + + = 0} and Vt = {wf + wl + wl = t} CXt 
and consider the difFeomorphism 

Ft: Vo\{\z\^<i} Vt\{\w\'=t}_ ^ 

Zi I ^ Wi = Zi -\- 2|^|2 Zi 

between the singular space and its smoothing (away from the singularities and defined 
on a small region of Xq). Observe that topologically, 

Vq \ {\z\^ < §} ^ T4 \ {\w\^ = t} ^ M y 



and that Lt := Vt fi {\w\^ = t} = S^. Moreover note that \z\ i-> \w\ = y\z\'^ + 

Let us point out that we can assume that Ft extends to a diffeomorphism ipt 
Xo\{\z\'<^}^Xt\{\w\^ = t}. 



2J 
2 ^ 

~ 2 



Lemma 2.1. There exists a diffeomorphism 

^f.XoX {\zf < §} ^ \ = t}, 

which coincides with the above Ft for \z\'^ < 4. 

Moreover the complex structures Jt of Xt and Jq of Xq satisfy on Xq \ {\z\^ < I}, 
<^t ~ •^o)||a;o = ^(0 ^ (^"i^ respect to any other metric equivalent to 

ujo). 

Proof As we have previously remarked, we may assume that X ^ ¥^ x A. Then 
X inherits a Kahler metric from the metric ujfs + idd\t\^ on x A. We define a 
connection on X \ Sing{XQ) simply by taking the normal directions to the fiber of the 
map pr2 : A' C X A ^ A. 

Considering the flow given by the lifting of the radial vector field X := — |y[j]|2 , 
find a smooth difFeomorphism from X^^ \^\t\ to Aq < 4}, for some small compact 

subsets of of A|i|. Let Gt : Xo\ {\z\^ < 4} — > A^ be the inverse of the previous 
map (assume w.l.o.g that t is a point on the real path [0, 1] C A). 

It follows that on the strip S* := {4 < \z\^ < 5} C Aq we have defined two diffeomor- 
phisms Ft and Gt onto some region of Aj. Let 5' C 5 be some smaller strip and use 
the map Ft to identify S with its image inside Xt. Under the above identification, Gt 
can be seen as a family of diffeomorphisms onto their image 

Gt-.S'^S^ [0, 1] X 



2 

we 



which are by construction smoothly isotopic to the identity on S , i.e. 

Gt^Id 

as t — > 0. In particular Gt is given by the flow of a time dependent vector field vt 
defined on S , i.e., 

|«5.) = .,(G,). 

Let r : /S — >■ [0, 1] be a smooth cut-off function given by 

r{z) = x{\z\% 
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where x is a smooth increasing function equal to zero for \z\'^ < 4 and equal to one 
for \z\'^ > 5. Let wt be the vector field defined by wt := TVt and Ht its associated 
diffeomorphism (for small t). By construction Ht is equal to the identity for [zp < 4 
and equal to Gt for \z\^ > 5. Thus the diffeomorphism 

FtoHt if|z|2<5; 
Gt if \z\^ > 5, 

satisfies the desired property. 

The estimate on the complex structures follows by our construction of the diffeomor- 
phism tpt which is given by the flow of a smooth vector field. More precisely, we can 
cover the total family X "away" from a neighborhood of the singularity with a finite 
number (by compactness) of charts Uj of the form (("^,^2)^)- Since by construction (f)t 
is isotopic to the identity, in the chart Uj tpt is given by Ci Ci + {t, C; C) fo^ ^ smooth 

satisfying f^{0, (, () = 0. Then the claim follows simply by considering the Taylor's 
expansion of in the variable t. 

□ 

2.2. Pre-glued metric close to the singularities. On Vi := {z\ + z| + 2;| = 1} = 

TS"^ we have the CY conical Eguchi Hanson metric: 



r?i ■.= idd{^J\z\^)\y^. 

Note that (^/l-^P + 1 — |^|) < for \z\ » 1. Pulling-back by the holomorphic 

map Wi = Vizi and scaling the metric, we have a (scaling) family of RF metrics on 

Vt C {wl + wl + wl=t}C Xt, 

satisfying Diam^^ ^ {Lt) = 5. 

Pulling-back at the level of the potential the KE metric 

uo = idd{\z\ + O{\z\%vo = iddU)iVo 

using the (inverse) of ipt, we find a metric ojj for small t, degenerate in a small neigh- 
borhood of Lt, given by 



\Vt 

We show how to glue rjs^t to uj. Take 6'^ = y/t and consider the gluing region 5" < 
lu-llVi < 25" (topologically [0,1] x MP-^) for a G [0,2) (observe that = 6^} ^ Lt). 
Define 

-1*/ 



ipj(w) := il^t i^l); 



• (filiw) := + 54. 

Lemma 2.2. On the annulus 6" < \w\^Vt ^ 25", where a G [0,2), we have: 

\^',M - ^'5)\vs = 0(5«-^"-^) + OiS^--"^) + 0(5^— ^). 
The error is minimized for a = |.- |V^_j((^J — <^5)|?7^ = 0{S3^^~''^). 
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Proof First of all note that on the annulus region r]s ~ idtdt{\w\)^Vg4 ) the metric 
(i.e., the scaled Eguchi-Hanson metric) is equivalent to the restriction of the (singular 

— J ■ ■ k 

at the origin) metric idd{\w\)). In particular this implies that |V^^(|t(;p)|^^ < C\w\^~2 . 

By the definition of 99 J and ip'j and since \z\ 1— > \w\ = ■\J\z\'^ + 4^ under the diffeo- 
morphism ^pf, it follows that 



Thus 



k 



I.e. 



□ 



Lemma 2.3. Define for \/i = d"^ and \w\\Xt < 2 

:= idtdt {x8^\ + (1 - Xs)^^) , 

where xs '■= X smooth increasing cut-off function supported in \w\ > Ss, 

4 

identically equal to one for \w\ > 263 . Then for S (hence t) sufficiently small 

Proof It follows immediately from the previous Lemma observing that 1 1 V^X6 1 t = 

2k 4 4 

0{5 3") on the strip G [53,2(53] and zero otherwise. □ 



2.3. The pre-glued metric away from the singularities and matching. First of 
all we take the following global Kahlcr potential for the singular metric uq. Let s be 
any non- vanishing local section of K^. Then 

^0 := log^, 

is a well defined smooth function on Xq \ Sing{Xo). Observe that (po is just the (log 
of) the ratio of the two volume forms. Later we will need to fix a precise section of 
near the singularities. The correct choice is to take the section r^o where Qq is 
the section which pulls-back using the orbifold chart to A with (Ci, C2) the local 
charts where = (^jj + C'(|CP)• 
Since coo is Kahler-Einstein, it is easy to see that 

'^o = + idodo(po. 
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Now we are ready to define the approximate KE metric away from the singularities 
(i.e., away from \w\xt < 1 on Xf): 

^t,s ■= l^t + idtdti)^^* (fo > 

for t sufficiently small and where tpt is the map between the smooth and singular fiber 
constructed before. 

The next goal is to match the metrics ulg and Cj^g and construct a metric 

^t,d = Pt + idtdt(f)t G Ci(Xt). 

Since r)g^t is a CY metric, we know that there exists a (explicit) nowhere vanishing 
holomorphic (2, 0) form Qt such that for \/t = 5"^ 

Let Qt be its dual. Then is a trivialization of K^^ on Vt which satisfies \ fit\,ist = 1 
(after normalization). 

Define bt G C°°{Vt) to be the function given by 

bt := \Clt\%. 

Then A = -idtdtlogbt on Vt. Thus = iQ^Bt log 6* + Vo) on Vt H {1 < 
\w\ < 2}. Since we have that ojjg = idtdt^pg on the same region, it is natural to match 
the two metrics at the level of the potential using a cut-off function := r(|it;|yj), a 
smooth decreasing cut-off function supported in \w\ < 2 identically equal to one for 
lii;! < 1 (notice that here the strip where the cut-off function is non constant is of "fixed 
shape"). 

Proposition 2.4. There exists a pluriharmonic function pt on Vt such that for y/i = 6^ 



i^t,5 := 



^Is \M\Vt < 1 

idtdt (jt {ipg - Pt) + (1 - n) \ogbt + V-r^ Vo)) 1 < \w\\vt < 2 
g otherwise 



is a Kdhler metric in ci{Xt). More precisely Ut,s — Pt = idtdt4't where 

4>t = Tt {{xs^l + (1 - xs)vl) -Pt + logbt) + (1 - Tt) (v^r'Vo) G C^iXt,W). 

Moreover we can choose pt to satisfy \^^gPt\r]st — C\w\^~^ . 
Proof 

Let q be the singular point of Xq. By our hypothesis on the metric we know that, 
in the orbifold chart centered in q, ujo can be expressed for \(\ < s/O, as 

uo = idodoifl = -iao^olog(|Oo|^J = Ric{ujo), 

where ipl = iCp + OdCH is the local Kahler potential. Thus 

Po := ipl + log{\ho\lj, 

is a Z2-invariant pluriharmonic real function on |(^| < \/2 vanishing at the origin. 
We claim that po = !EHe(/io) where ho is a Z2-invariant holomorphic function. Since 
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ddoPQ = dodoPQ = 0, by the Poincare Lemma there exists a Z2-invariant holomorphic 
function /iq vanishing at the origin satisfying 

,ho ho „ 
cty = f^oy = Oopo- 

Then, being pQ real, 

d(lHe(/io) - po) = «9oy + 9o y - dopo - dopo = 0. 
Hence po = D\t{ho) . 

Since /iq is a holomorphic function on C^/Z2 vanishing at the origin, identifying 
C^/Z2 with Wq + wf + W2 = £ , we may assume that ho = H{wi,'W2,W3)\Xo where 
H is an holomorphic function on vanishing at the origin (since the node is a normal 
singularity). We define for sufficiently small t: 

pt := ^cHiv,, 

which is a pluriharmonic function on the local smoothing for \w\^y^ < 2, satisfying the 
desired estimates. 

Now define at := (fi} — pt and cj := — log bt + '4>'[^ (fo- It is evident that the closed 
(1, l)-form ojt,5 is well-defined and that it would be positive definite as long as 

\\at - ct\\ + \ \d{at - ct)\\^2 

t,o 

as t —7- on 1 < \w\^y^ < 2. 

By the definition and the estimates of the diffeomorphism V't onto the (non-collapsing) 
regions 1 < \w\\y^ < 2: 

\at-ct\ = \(log bt - iPt^* log bo) + {ijr^*po - pt)\ = 0{t), 

(and similarly for the derivatives). Hence Ot^s > 0. 

Finally it follows by a simple computation that the global Kahler potential of Ot^s 
with respect the background metric f3t is given by (pt defined in the statement of the 
Proposition. □ 

We should observe that Proposition 12.41 has an obvious generalization when we con- 
sider smoothings, or partial smoothings, with more than one singularity. In fact, it is 
sufficient to repeat our argument around all singularities which are smoothed out and 
note that around points which remain singular we can simply glue the orbifold metric 
uq to oj"^^ on 1 < < 2 with a cut-off function Tt as we did in the proof of the above 
Proposition. Note that in this last case a pluriharmonic correction is not needed, since 
(/5q can be taken equal to — log |0|o. 

Then, for sake of notational simplicity, we continue to argue assuming that Sing{Xo) = 

W- 

Now we define the following function (the Ricci potential) for \/t = 5"^: 

fs,t:= log -cPt, 
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where 4)t is the global potential of the metric defined in 12.41 and st a non- vanishing local 
section of On Vt we take st to be equal to (it previously considered. Then we 

have the following Proposition: 

Proposition 2.5. The function fg t defined above satisfies: 

• RicCbs^t = tOt,5 + idtdtfs,t; 

• Estimates: 

- I|V|^ = 0{S''), on Xt \ {\w\ <lnVt} (recall Vt = S^); 

- = on {6^ < \w\ < 25"} n Vt for a G [0, |]; 

- \\'^ksfs,t\Ks=Oi6'"'^), on {6^ < \w\<25"}nVtforae[l2]. 

Proof It is immediate to check that fs^t defined as above is a Ricci potential, i.e., 
it satisfies the equation Ricut,& = ^t,5 + 'i'dtdtfs,t- 

Now we compute how fs^t behaves as we approach the singular fiber: 

• Region (5^ < \w\\y^ < 6^ . It follows by definition that 

fs,t = log bt - log l^^t 1^^ , -^s+Pt- log bt. 

Since rjs^t is Ricci Flat, log|f^t|^^^ = 0. Recalling that |V^^((/?^ — < 
C5'^\w\~^~^ and |V^^pt|^^j < C|w|^~'5, we find that 

on {5° < < 2(5°} n Vt for a G [|, 2]. 

4 4 

• Region 6^ < \w\\y^ < 26 3 (the glueing region). As before we have that 

fs,t = -log|J^t|?^_^ -Xs^s - (1 +Pt- 
It follows by WVliuls - m,t)\\vs,t = 0{6^) that 

iog\nt\l^^ = o{sl), 

Hence 

\\'^ksht\Ks = o{6'^). 

4 

• Region 6^ < \w\^y^ < 1. We have that 

fs,t = -log|rit|?^_^ - ifs+Pt- 

Recalling that the diffeomorphism between the smoothings and the singular 
fiber is Tpt ■ Wi ' — > Wi + 2^yp^i and the definition of pt, it follows that 

\\vl{-iog\nt\l^^-^]+Pt)\\r„,<ct\w\-'-'2. 

Thus, since \/t = (5^, for |w| = 5" with < a < |, 
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Region < 1}. By definition of the diffeomorphism ^j, we can assume 

we have complex structures Jt on Xt and Jq on Xq satisfying on < 1}, 

||V|(Jt - V't"^*<^o)lbt,5 = 0{t) for ah k. Then, since Vt = 6^, 



for all k. 

□ 



3. Deformation to a genuine solution 

Let ojt^s be the approximate KE metric on Xt constructed before, where t and 5 
satisfy the relation ^/t = 6^. Let us recall the basic properties of this metric needed in 
this section: 

• i^t,5 = l^t + idtdt(t>t € c\{Xt) (and ut^s is of orbifold type if some singularities are 
kept under partial-smoothing) ; 

4 

• Cbt^s restricted to {\w\ < Ja} n Vt is equal to rjt^s (Eguchi Hanson metric) with 
vanishing cycle satisfying Diam^^ ^(Lt) 5. 

• The Ricci potential fs satisfies: 

- I|V^,_,MU,., = 0{5^), on Xt \ {\w\ <lr^Vt} (recall = 5^)- 

- = 0(5'-'"-'^), on {5" < l^^l < 25"} n Vt for a G [0, |]; 

- l|V|,,,/5|b,,, = 0(^"-^), on {J- < 1^1 < 25"} n Vt for a G [|, 2]. 

Note that the error is bigger exactly at the gluing region \w\ ~ 5 a, where it 

4-2fc 

behaves like o s . 
In order to find a KE metric, we need to solve the following equation: 

EtA<p] ■■= -2 - = 0' 

where \/t = 6'^ and ip is a real valued smooth function on Xt- Then u;t,5 + idtdt^p > 
would be the desired KE metric. We claim that it is possible to find a solution, provided 
that S (hence the complex structure parameter t) is sufficiently small. 

In order to solve the problem we realize the operator Et^s in some weighted-Holder 
spaces: 

Et,s : U C C5^,^(X„M) C°;^^^_,(X„M), 

where j3 is some real number in (—2, 0) and 7 G (0, 1) the Holder exponent, and lA a 
suitable neighborhood of the origin. 

The Banach space C^j^^ fji^ti^) is for /3 < defined as follows. As a vector space 

it is simply C^''^ [Xt,^]. However, instead of using the usual Holder norm, we use a 
weighted norm. First of all we define a weight function pt : Xt ^ [6, 1] : 

• Pti\w\\xt) = if \w\ixt < 2(5^; 

1 

• PtiHiXt) = H\xt^ if < \w\\xt < \\ 
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• pt{\w\\xt) = ii if H\xt > 1; 

• is a smoothly increasing interpolation between the above values in the re- 
maining regions. 

Then the weighted norm is: 



j<k 



where 

Mc^.. . - sup („in{„-'^-^->W.P.-'^--"b)}^^^%-|^) 

'^t,«>'3 P,g\ dtip,q)<injt p¥=g \ "-tKP^^) / 

(We compute the difference of the two derivatives by parallel transport along the unique 
minimal geodesic). 
Rewrite Et^s[4'] ^■ 

EtAv] = ii-ef^) + Vt4^] + n[ip]. 

Here = A(X,j ^(p + e/^(p and contains the non-linearities. 

The first input we need is the following (scaled)-Schauder estimate. 

Lemma 3.1. If S (hence t) is sufficiently small and fi G (—2,0), then 



for all (p G C^'^^ ^i-^t) with a positive constant C independent of 6. 

Proof Take a small c > such that Bug{p, c) C Xq, with p G Sing{Xo) is metrically 
equivalent to the ball of radius 1 in the flat C^/Z2. 

Then, by standard Schauder estimates, we know that the desired estimate holds in 
the region ipti^o \ Bi^„{p, a)) Q Xt for a constant C = C(c) > fixed. More precisely, 
we can cover the region with (a finite number) of domains Dl where the geometry is 
close to the euclidean for all < t < c. By definition, the weighted Holder norms are 
equivalent to the usual Holder norms. Then the claim follows by the standard Schauder 
estimates since Vt^g is elliptic (with smoothly varying bounded coefficients in t). 

It remains to show what happens in the "collapsing" region 

Xt \ \ B^, {p, c)) C {wl + wl + wl= t}. 

First of all we pull-back the functions pi (w) from Wi+W2 + w'^ = t = to Zi+ Z2 + 
^3 = 1 using the map Wi = ZiS'^. Then define the function 

<p{z) := S~^ip{w{z)), 

and scale the metric ojt,s so that the diameter of the cycle Li is equal to a constant (i.e. 

consider the metric gt^s := jjUf^s)- 

Then our scaled Schauder estimates follow once we prove that 

Ir'^'l (n < = ^ I ||(^||rcx. /„ <2c-) -I- ||Ag^(^ -I- C(5^(^|Lo,7 (. <2cl ) , 
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for some constant C independent of 5. Here c, c denote positive constants and the 
weighted norm is essentially given by the sum of seminorms 

= SUp||Pg,[f"^Vg<^||p,^,, 

(and similarly for the Holder seminorm), where pg^ ^ is a weight function equal to 1 on 
{x G Xt\pg^^{x) < 1} {pgfg denotes the distance from Li w.r.t. gt^s), exactly equal 
to the distance pg^ ^ for {x e Xt\ Pg^ g (x) > 2} and a smooth increasing interpolating 
function on the remaining annulus. 

On the compact piece {x & Xt\ Pgfg{x) < R} (for a fixed R> 0), the estimate holds 
by standard Schauder estimates (the Riemannian manifold we are considering is just a 
compact subset containing Li of the Eguchi Hanson space. Then we can argue as we 
did in the region away from the singularities). It remains to show what happens in the 
regions R < Pg^g{x) < |. Of course this region can be covered by balls Bg^^tipi, %), 
where R < Vi < By scaling the usual Schauder estimates on the euclidean balls of 
radius 1 and noting that, since rj < |, the balls Bgg^t(pi, are metrically equivalent 
to standard balls of radius ^ in the euclidean space, we have an estimate of the form 

for a constant C independent of t (and S). Then the desired estimate follows by 
multiplying the above inequality by r^^ and observing that on Bg^^^pi, ^)) the weight 
function is bounded by ^ < p^^ ^ < 2rj. 

□ 

The following estimate is fundamental: 
Proposition 3.2. If S (hence t) is sufficiently small and /3 G (—2,0), then 

\\ip\\^2,, <c\\Vt,sM\^o,, 

for all G C^^'lg isi-^t) ^ positive constant C independent of 8. 

Proof The proof is by contradiction. Assume that the above estimate does not 
hold. Then there exists a sequence (Jj) going to zero and smooth functions ^pi on Xt^ 
satisfying oo > ||(/;i||^2,7 > C > and ||I>i[</']llc°'^ ~^ ^■ 

Then by the above scaled Schauder estimates we must have that ||</^i||L^ is bounded 
above from zero. W.l.o.g. we can assume that there is a sequence of points pi G Xt^ 
where 

Now we have three cases depending on how (a subsequence of) pi converges. 

Casel: Assume that pi{pi) > C > 0. Then pi pQ ^ Xq \ Sing(Xo). By the 
upper bound on ||(/?j|L2,7 we can assume that on all compact subsets of Xq \ Sing(Xo) 

(a subsequence of) tpi — )■ ip^o in C'^''^^'' (Ascoli-Arzcla) with <Pcx>{pq) = c > and 
\Pq^^oo\ < C") and similarly for the derivatives, near the singularity (where p denotes 
the distance from the singularity w.r.t. the KE metric uq on Xq). 
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Moreover we have that by the C"^ convergence 

on all compact subsets of Xq \ Sing(Xo) and where Aq denotes the Laplacian w.r.t. 
the KE metric ujq. Pulling back locally cpoo to using the orbifold covering map and 
recalling the behavior of 9300 at the origin, it follows that (poo is a weak-solution of 
AoV'oo + v^oo = as long as /? > -2. In fact, for all u G C^{B{0, R)) 



J B{0,R)\B{0,p) J B(OM)\B(0,p) 

idl 



du dfoo 

+ / V'oo^ u— — dS, 

laB{o,p) ou 



where ^ denotes the normal derivative (at dB(0,p) w.r.t. the metric wq). Then 

/ (foo (Aqu + u)dV^g < 

J B{0,R)\B{0,p) 

< Cip^ sup IVq-uI sup \(poo\+C2P^ sup \u\ sup |VoV^oo| < 
B{0,p) dB{0,p) B{0,p) dB{0,p) 

<Cp3(/ + /~i)^0, 

as yO — >■ if /3 > —2. By standard regularity theory of elliptic operators, it follows that 
the weak solution ip^o is actually (orbifold) smooth. 

The above implies by a well-known Bochner identity for KE metric on Fano orbifolds 
([25]) that [Bifoo)'^ must be a holomorphic vector field on Xq. Using now the discrete 
automorphism hypothesis, we have that {d(poo)'^ = 0. Since (poo is real valued, it follows 
that ifoo must be constant, hence identically zero by the equation. However this is in 
contradiction with |<^oo(po)| = c > 0. 

Now we investigate the cases when Pi{pi) — )• 0. 

Case 2 : C > 0. 

First of all we pull-back the functions ipi{w) from + + tf^l = t = (5^ to + + 
= 1 using the map Wi = zid"^. Then we define the functions 

LPi{z) := 6~'^ipi{w{z)). 

Moreover, scaling the metric ojt.s so that the diameter of Li is equal to a constant for 
all i (i.e. blowing up the metric by ^), we have that: 

i 

• ||v5i||c2.7(i<') ^ C; with respect to the norm induced by the blow up metric, for 

all compact subsets of K of zf + Z2 + z"^ = 1. 

1 1 ~ 1 1 c 



• \ipi{pi)\ = c> for Pi contained in a compact subset of + + 2;| = 1. 

It follows by Ascoli-Arzela that (a subsequence of) ipi — )• (poo in C'^''^~''{K) for all 
compact subsets, lim|^|_^_|_oo (^oo(-2) = and |(^oo(po)| = c > for some point in zf + 
z| -|- 2;| = 1 at finite distance from Li. 



14 



CRISTIANO SPOTTI 



Moreover the hypothesis ||I?J93j]|Lo,7 — )• imphes that 

j,/3-2 

\\Aj^^^^^<^i + 5fef'^iPi\\Lo.^K) 

i 

for all compact of + z| + z| = 1. Hence 

i i 

Since blowing-up u>t^s gives in the limit the Eguchi-Hanson Ricci flat metric rji, we 
obtain 

that is (foo is an harmonic function on z^+z^ + zl = 1 equipped with the Eguchi-Hanson 
metric. If /3 < 0, limi^i^+go (^oo = 0. Then, by the maximum principle, (foo must be 
identically zero, which is again in contradiction with 1(^00(^0)1 = c > 0. 
Cases : ^ ^ (and pM) ^ 0). 

We consider the function (pi defined as we did in the previous case. By hypothesis 
it follows that \ipi\{z{pi)) = c > for a sequence |2;(pj)| =: Ri — ?• +oo, where Ri6i — )• 0. 
Blowing-down the metrics by a factor R~'^, the new metrics j^ojt s converge to the 

flat metric rjo on C^/Z2. Arguing as in the previous section, the functions Xi •= R'i^'^i 
converge (up to a subsequence) to a smooth function Xoo on C^/Z2 \ {0} which is 
harmonic w.r.t. the flat metric. Moreover, 

• |Xoo(po)| = C > 0, where pq is a point at distance 1 from the origin; 

• I Xoo (P) I < Cdr,,{Q,pY. 

The pull-back to of Xoo is an harmonic function which goes to zero at infinity 
and which is less singular than the Green's function if /3 G (—2,0). Thus it extends 
smoothly to all C^. Finally, the maximum principle implies that it must be identically 
zero. However this is in contradiction with |xoo(po)| = C > 0. 

□ 



Corollary 3.3. If 5 (hence t) is sufficiently small and /? E (—2,0), 

A,5:C^;^,/3(^*>lK)^C°;^-,/3-2(^*>lK) 
is invertible with norm of the inverse independent of 6. 

Proof Observe that in the non-weighted norm the linearized operator is Fredholm 
of index zero (it is just Laplacian plus 1). Now for a fixed value of 6 (and /3 < 0), the 
spaces C^'^^ ^{Xt,M) and C^'^^{Xt,M) are equivalent, i.e. they are the same vector space 

with equivalent norms. This implies that Vf^s '■ ^'^'Jg i^i-^t,^) — > ^^'7^ /3-2(^*' ^) 
also Fredholm of index zero. 

By the previous estimate we know that T>t,s has no kernel for sufficiently small 5. 
Thus is also surjective (being of index zero). The fact that the norm of the inverse is 
uniform is again a consequence of Proposition 13. 2i □ 

To solve the equation Es^tif) = we use the following version of the Implicit Function 
Theorem (compare Lemma 1.3 in [3]). The proof is elementary. 
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Lemma 3.4. Let E : X ^ Y be a dijjerentiable map between Banach spaces and let 
R{x) := E{x) — E(0) — DqE{x) be the non linearities. Assume there exists some positive 
constants L, tq and C such that: 

• \R{x) - R{y)\Y < L{\x - y\x){\x\x + \y\x), for all x,y in Bx(0,ro); 

• DqE is invertible with norm of the inverse bounded by C . 

If for an r < min{ro, gXc^ initial error |ii^(0)|y < then there exists a unique 
solution of the equation E{x) = in Bx{0,r). 

In order to apply the above Lemma to our equation, we need to take a closer look 
at the initial error and at the non linearities. 

Lemma 3.5. The initial error Es^ti^) = 1 — e-^'' is estimated in the weighted norms as 

-2/3 . 

= U(d 

/or /3g (-2,0). 



Proof We show how to estimate the norm 11 E^a^ (0)11 4 . The other 

estimates are similar. 

First of all note that at first order the error term is simply given by the Ricci 
potential fs (which we know to be small in the point- wise norm by Proposition 12. 5p . 
Then according to the proof of Proposition 12.51 and he definition of the weighted norm, 
we have 



EsAm.^ ..4 < CsupVr^^-'V^II < C6Uup{\w\-^-'}, 



13 



4 

where sup is w.r.t. points in the region 6s < \uj\^y^ < 1. Since f3 > —2 the above 

4 

quantity attains its maximum when ~ 6 3 (i.e., at the gluing region). Thus 
By Proposition 13.31 



8-2/3 ^ 8-2/3 

||S5,i(0)|l ,4^,, = 0(5—) (note that (5^ < for <5 small). □ 



\\V-j[Es,m]\\c^:^ =0{5"-^). 
Now observe that if ||(/?|L2,7 < 0{6~^) then un-weighted norms behave as ||v||l°° < 

0{S~3~), ||Vv9||l^ < 0{6~i~) and ||V^(/3||l^ < 0{6~3~). In particular these norms go 
to zero as soon as /3 > —2. Thus the preimage by the linearized operator of the initial 
error is small in the pointwise norm up to the second derivatives. This is important 
when we will prove GH convergence of the metrics. 
The non linearities are given by the operator 

If ||(/?||ioo << 1, since e^"^ = 0(1) the non-linearities behave as 

TZt^sm = 2 + ^if )^ 
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which imphes that 

"t,4./3-2 '^t.S'P •^t,S'l^ "^i.i./S 

We are now ready to state and prove the main result: 
Proposition 3.6. If 5 (hence t) is sufficiently small and j3 G (—2,0) then the equation 

EtA^t) = 0, 

admits a (unique) solution with ||(/?j|L2,7 = 0{6~3^). 

24-/3 

Moreover WV^^ptllLf < 0{6~) ^ as 6 ^ 0. 

Proof We want to apply Lemma 13.41 to our operators Ef^g. Take tq = ro((5) = 
Ci6~3^ . Since H^^H/^cx) < 0{6~3~), we can use the estimate of the non-linearities TZt^s 
which gives L = L{6) = C2S^^~'^\ In order to apply the Lemma we need that the initial 
error £^^,(5(0) is much smaller then j^, that is 

53 << P, 

which is true for /3 > —2. Then we can take r{6) = ro(5) and apply the Lemma. The 
estimate on the pointwise second derivative follows by the previous observations. 

□ 



Rephrasing the above Proposition, we have that the form 

^t,5 = ^t,s + idtdtft > 

is the Kahler form of a KE metric provided 5 (hence t) is sufficiently small. 

Finally we show that the KE metric constructed above converges in the GH topology 
to the singular metric on the central fiber. Recall the following well-known lemma about 
GH closeness between compact metrix spaces (compare [7] for a proof): 

Lemma 3.7. Let {X,dx) and (Yjdy) be two compact metric spaces. If dGH{X,Y) < e 
then there exists a 3e-quasi isometry F : X ^ Y , i.e., a non necessarily continuous 
map F : X — > Y satisfying: 

• \dx{p,q) - dY{F{p),F{q))\ < 3e for all p,q in X 

• F{X) is 3e-dense in Y . 

Conversely, if there exists a e-quasi isometry F : X ^ Y then dciiiX, Y) < 3e. 

Using this lemma is then easy to see the following. 

Proposition 3.8. The KE Del Pezzo surface {Xt,ujtA converges in the Gromov- 
Hausdorff sense to the original KE Del Pezzo orhifold [Xq^ujq). 

Proof 

It is evident from the construction that the pre-glued metric ojt^s is GH close to the 
orbifold metric wq. That is dGHi{Xt,^t,s), iXo,i^o)) — )• as 5 (hence t) goes to zero. 
On the other hand it follows from the implicit function argument that 

2+3 

\m,6 - ^^tMl'^t^s = \ \'i'dtdt<pt\\L^^ ^ < 0{5 3 ), 
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where the norms are computed in the standard point-wise norm w.r.t. the pre-glued 

2+ft 

metric. In particular, the identity map on Xt is a C6 e -quasi isometry between the 
KE and the pre-glued metric. 

Then it follows by lemma [STTl that 

dGH{{Xt,UJt,5), {Xt,U)t,5)) + dGHi{Xt,OJt,s), {Xo,UJo)) 0, 



as (5 — > 0. 



□ 



4. Applications & Examples 



Before discussing some examples where we can apply the main Theorem 11.11 it is 
interesting to make some remarks. First of all, in our considerations on moduli spaces 
we are principally interested in Del Pezzo orbifolds which appear in GH degenerations 
of smooth KE Del Pezzo surfaces, that is in smoothable Del Pezzo surfaces. In the next 
Proposition we see that such smoothable Del Pezzo surfaces with discrete automorphism 
group cannot have many nodal singularities. 

Proposition 4.1. Let Xq be a smoothable log Del Pezzo surface with discrete auto- 
morphism group and only nodal singularities. Then 

]\{nodes} < 10 -2degiXo). 

Proof Let A" — ^ At C C be a fuh smoothing of Xq and define 

ip{t) := dim Ext^ {^}]^^,Oxt) - dim Ext^ (Jl^^,©^*) + dim Ext"^ {n]^^,Oxt) ■ 

Since (p is upper semi-continuous and Xt is a smooth Del Pezzo of degree deg{XQ) for 
all t 7^ 0, we find 

. 99(0) > ifit) = x(exj = 2degiXo) - 10; 

• Ext^ (^Xo' ^^0) ~ since Aut{XQ) is finite and the singularities are normal. 

Thus 

dimExt^ {n\^,Oxo) < 10 -2deg{Xo). 

Finally we can estimate the dimension of the above Ext^ from below by the number of 
nodes. Using the Grothendieck's local-to-global Ext spectral sequence, the vanishing 
of H^{nom{X, nxo,Oxo)), and recalling that Sxt^ {n\^,Oxo) 

is a skyscraper sheaf 

supported on the singular locus with stalk isomorphic to the space of versal deformation 
of the singularities, we have 

dim Ext' {n'x^^,Oxo) > dimH'> {Ext" {Q.\^,Ox,)) 

= dim (epg5mg{Xo)Cp) 

= jjjnodes}. 

n 



Remark 4.2. The above Proposition follows also by the classification of Del Pezzo 
surfaces with canonical singularities [S], [TU], [H], [T2], [3D]; [2D] and [21]. 
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What can we say about smoothable KE Del Pezzo orbifolds (with the above proper- 
ties) for each interesting degree d = (— i^Xo)^? It is known that there are smoothable 
del Pezzo quartics, i.e., degree equal to 4, with no holomorphic vector fields and with 
only one or two nodal singularities. On the other hand, it follows by the Mabuchi- 
Mukai result [19] that all KE Del Pezzo surfaces appearing in the GH compactification 
must have holomorphic vector fields. Even if in this case we cannot use our Theorem to 
study the local behavior of the moduli space at the boundary points, we can combine 
it with the Mabuchi-Mukai result to prove the following observation: 

Corollary 4.3. Let X be a Del Pezzo quartic with only a nodal singularity and with 
discrete automorphism group. Then X does not admit a KE metric. 

Proof By the classification of intersections of two quadrics (compare for example 
[2]), we can assume that Xq is of the form 



for generic a,b £ C Observe that Aut{XQ) is finite. In order to see this, note that the 
above Xq can be degenerated, by the one-parameter subgroup Tg, given by xq — )• sxq, 
xi — )• s~^xi, to a KE Del Pezzo quartic Xc with two nodes, where the two defining 
equations are both diagonalized (after an obvious change of coordinates). The automor- 
phism group of Xc can be easily computed by looking at the dimension of the Lie group 
of matrix in SL(5,C) which fix the defining equations (note that this group is the full 
automorphism group since —Kxc is very ample). By a simple computation, it follows 
that the Lie algebra is one dimensional. Hence dimc^nt(Xo) < d\m£Aut{Xc) = 1. 
A generic deformation (smoothing) Xt is given by 



If Xq has a KE metric, then by Theorem ll.il [Xt^ujt) degenerates in the GH sense to Xq. 
In particular Xq must appear in the GH compactification. However this is forbidden 
by the Mabuchi-Mukai result |19j . 



As we pointed out in the proof of the previous Corollary, an Xq satisfying the hy- 
pothesis of the Corollary can be degenerated by a one parameter subgroup Tg to a 
KE Del Pezzo quartic X^ with two nodes (and with C* C Aut{Xc)). In particular 
the Donaldson- Futaki invariant DF{Ts.Xq) = (since the central fiber admits a KE 
metric) and Ts.Xq is a non-trivial test configuration. We should emphasize that Stoppa 
argument for proving that the existence of a KE (cscK) metric implies K-polystability 
[25] doesn't extend easily in the case of singular spaces. However, in [3] the author 
showed that "KE implies K-polystability" is indeed true for Q-Fano varieties. Thus 
Corollarv 14.31 follows also by this more general result. 

It is more interesting to see what happens for degree three Del Pezzos, i.e., cubic 
surfaces. It follows by the well-known classical GIT pictures for cubic surfaces that 
cubics with nodal singularities have no holomorphic vector fields. The (unique) cubic 
with the maximal number of nodal singularities is the so-called Cayley's cubic given by 




= 



2xqXi + xl + xl + xl = 0; 

2xoXi + Xq + txj + X2 + axl + hx\ = 0. 



□ 
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the equation 

Co := {xyz + yzw + zwx + wxy = 0} C P^. 

Moreover, it is known that that Co admits an orbifold KE metric (e.g., [8], or simply by 
noting that it is a quotient of the KE Del Pezzo surface of degree 6). Thus, considering 
generic deformations of Co of the form 

Ct := {xyz + yzw + zwx + wxy + tx^ + {ty^) = 0} C P'^, 

we can use our Theorem to prove the following: 

Corollary 4.4. Some cubic surfaces with two or three nodal singularities admit KE 
orbifold metrics. 

Finally, we also recall that there are several examples of Del Pezzo surfaces of degree 
1 and 2 to which our Theorem applies. 

5. Further Discussions 

Our main Theorem 11.11 admits some natural generalizations. In particular, it is 
interesting to analyze what happens in the following three situations: more general two 
dimensional quotient singularities, presence of continuous family of automorphisms and 
higher dimensional (nodal) Fano varieties. 

5.1. More general quotient singularities. Let Xq be a degree d KE orbifold with 
Q-Gorenstein smoothable singularities. Recall that an algebraic variety admits a Q- 
Gorenstein smoothing if it is a central fiber in an (analytic) flat deformation X ^ A 
over the disc A C C* such that —Kx is Q-Cartier. In dimension two, singularities 
which admit (local) Q-Gorenstein smoothings are classified |17j . These singularities are 
known in the literature as T-singularities. Beside canonical singularities, i.e., quotients 
of by finite subgroup of SU (2) acting freely away from the origin, T-singularities 
are particular cyclic quotients of canonical singularities. 

From the global prospective, it is known that there are no local-to-global obstructions 
to smooth of Del Pezzo surfaces with T-singularities [13j . that is, every local smoothing 
of a T-singularities can be realized in a global Q-Gorenstein deformation of Xq. 

It is known that (local) smoothing of T-singularities admit Asymptotically Conical 
Calabi Yau metrics. In the case of canonical singularities, this follows by the seminal 
paper of P. Kronheimer [IS]. More recently, it has been shown by Y. Suvaina in 
|26j that Kronheimer metrics descend to the finite quotients which gives Q-Gorenstein 
smoothings of T-singularities. 

By the above discussion, it follows that there should be ways to glue these Asymp- 
totically Conical Calabi Yau metrics to a KE orbifold with Q-Gorenstein singularities 
in order to find nearby KE metrics on smoothings of Xq. 

Finally, we should remark that the above discussion can be also generalized to po- 
larized Q-Gorenstein deformations of constant scalar curvature Kahler metrics [26j_|. 



During the preparation of this article, the author has been informed that O. Biquard and Y. Rollin are 
studying smoothings of cscK orbifold metrics, in the case of discrete automorphisms, in full generality. 
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5.2. Non trivial holomorphic vector fields. If a KE orbifold Del Pezzo Xq with 
T-singularities admits holomorphic vector fields, the problem of finding nearby KE 
metrics on its (partial)-smoothings is in general obstructed. An easy example of this 
phenomenon can be seen in the Corollary 14.31 where it is shown that intersections 
of two quadrics with only one nodal singularity, which in particular are small partial 
smoothings of KE orbifolds with C* C Auto{Xo), do not admit KE metrics. This 
example is a special case of the general result: not K polystable Q-Fano varieties does 
not admit a KE metric. In order to deal with these obstructions, we believe that 
for small enough partial smoothing of KE Del Pezzo orbifolds with T-singularities the 
problem can be completely understand in term of "local" geometry, i.e., by studying 
the action of the automorphism group of Xq on the space of small Q-Gorenstein partial 
smoothings. In the case of smooth KE manifolds (more generally cscK), this has been 
proved by G.Szekelyhidi in [27j . In order to make our discussion a bit more clear, we 
state now a conjecture on what this expected picture should be. To make the conjecture 
more precise, we need to use some deformation theory of singular analytic spaces. The 
non expert reader can think to Fixt^{Q^^,Oxo) ^ vector space parameterizing 
infinitesimal deformations (in the smooth case it corresponds to H^{Xq,TXo) used in 
Kodaira-Spencer theory). For more information the reader may consult [23], and the 
references therein. 

Conjecture 5.1. Let {Xq,ujq) be a KE orbifold with T-singularities. Denote with 
Kur{XQ) C TDef{XQ) the versal Kuranishi space of Q-Gorenstein deformations of Xq, 
where TDe/(Xo) is a vector subspace of Ext^ (0,^^,0 Xq) parameterizing infinitesimal 
Q-Gorenstein deformations, and consider the action of the reductive group AutQ{XQ) 
on the vector space TDef{XQ). Let v € Kur[XQ). Then for \v\ sufficiently small we 
have 

• if V is GLT polystable (i.e., the orbit is closed) for the action of AutQ[XQ) on 
TDef{XQ) then X^ admits a KE (orbifold) metrics. 

• if V is not GIT polystable, then Xy does not admits a KE (orbifold) metric. 

We remark that from an analytic point of view the obstruction is given by the non 
uniform invertibility of the linearized Monge- Ampere operator (basically the operator 
given by the Laplacian plus one). Observe that on Xq the Kernel (and the coKernel) 
of the linearized Monge- Ampere equation at the orbifold KE metric is exactly given by 
the Lie algebra of orbifold holomorphic vector fields, compare for example |28) . Thus 
in order to address the above conjecture it will be essential to understand how this 
analytic obstruction is indeed related to the algebraic stability conditions conjectured 
to be equivalent to the existence of a KE orbifold metric. 

The above discussion have of course a natural generalization to the case of polarized 
partial smoothings of Q-Gorenstein smoothable cscK orbifolds with non trivial holomor- 
phic vector fields. However, recall that in general in this case there are local-to-global 
obstruction (i.e., //^(Xq, -ffom($7^^j, Oxq)) does not always vanish) and ^nto(^o) is 
not reductive (although one can always restrict to the (reductive) complexification of 
the group of isometrics). 

5.3. Higher dimensions. Another interesting situation to study is the case of higher 
dimensional KE {Xq^ojq) with nodal singularities, i.e., singularity locally analytically 
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equivalent to zf = 0. As it should be clear by a careful inspection of this paper, 
our method for constructing a nearby KE metric on a (partial) smoothing of Xq does 
not heavily depend on the two dimensional hypothesis, provided we have "good" local 
models to glue in and a careful comprehension of the asymptotics of the metrics involved 
in the gluing construction. 

The asymptotic conical CY metrics one should consider in this case are the so-called 
Stenzel metrics on the smoothing of the nodes [23]. In order to perform a gluing 
construction is then fundamental to understand the behavior of the KE metric (a- 
priori to be consider only a weak-solution in the sense of pluripotential theory [3]) on 
the singular space Xq at the singularities. The expected picture is that the metric ujq is 
asymptotic, at some rate, to the well-known Sasaki-Einstein metrics on the node (i.e. 
i(?9(|2:p''^~"'')||^^2^g|. However, at present, there are not known examples where such 
asymptotic behavior has been established. On the other hand, we should recall that 
much more it is known about the asymptotic of the Stenzel metric at infinity [9j. 

In conclusion, under correct assumptions on the decay rates of the metrics, it is 
reasonable to believe that the method used for the two dimensional situation carries 
over in the more general higher dimensional setting. This will be the object of future 
investigations. 
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